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The importance of the stochastic nature of forging operations, especially for net-shape accuracy, has been
widely recognised. However it is a under-researched area in terms of effective methods and computa-
tional tools for easy industrial implementation and applications. In this research, Monte Carlo simulation,
response surface method and most probable point analysis are used to quantify probabilistic character-
istics of the shape and dimensional errors in net-shape metal forming processes. A two-step optimisation
approach is developed to minimise systematic errors using a direct compensation method for die shape
modiﬁcation and to reduce random variations through a control variable method. Two industrial based
case studies, i.e. forging of a 2D aerofoil component and forward extrusion of a cylinder are conducted
with good results obtained for much improved accuracy. This approach can be easily applied to general
metal forming processes for both 2D and 3D cases where achievable accuracy is an essential criterion.
 2011 Elsevier Ltd. Open access under CC BY license.1. Introduction
Metal forming processes such as forging and extrusion are com-
petitive routes for manufacturing structural products due to the
advantages of enhanced mechanical properties and microstruc-
tures as well as substantial beneﬁts in reduced production cost.
The quality and accuracy of metal forming processes are depen-
dent upon the material properties, die and tool behaviour as well
as process conditions [1–3]. The shape and dimensional accuracy
speciﬁcation of the formed components is an essential requirement
in net-shape metal forming process design and production
together with other criteria such as required material microstruc-
ture and mechanical properties, minimal material loss. Due to
the variability of material ﬂow behaviour, interfacial properties,
as well as uncertainties in process and operational conditions,
the shape and dimensions of formed components inevitably
exhibit considerable variations and scatter. To achieve repeatable
shape and dimensional accuracies of net-shape formed
components, trial and error based iterations are normally used in
practical metal forming process design and validation. This often
results in prolonged lead time and increased cost.ical, Materials and Manufac-
ham NG7 2RD, UK. Tel.: +44
ense.Finite element (FE) method is now widely used to simulate
forging and other metal forming processes for a wide range of
industrial applications [4]. In the past decade FE based modelling
and optimisation methods have been developed for improved
material deformation and material properties and reduced forming
forces using gradient based methods, evolutionary algorithms and
response surface based approximations [5–9]. In metal forming
related shape optimisation, gradient based shape optimisation
methods were developed for preform design [10–12]. Preform
design optimisation is obtained by varying the geometry of the
billet. On the other hand, die shape optimisation for net-shape
speciﬁcation is aimed towards the speciﬁed shape and dimensions
by small perturbation of the die shape so that the shape and
dimensional errors of the formed component due to, for example,
die elastic deformation and thermal distortions are minimised.
This approach has been used for net-shape forging operation and
control of springback in sheet metal forming [13–16].
However, the aforementioned FE based simulation and optimi-
sation methods are deterministic without the consideration of
the variability of material properties such as material ﬂow stres-
ses and the uncertainties of process conditions including temper-
ature, stroke, friction and initial set-up. In real metal forming
production, these uncertainties can cause increased possibility
of die failure and especially defects of formed components and
scatter in shape and dimensions. Therefore the goal is to achieve
minimised process variability and maximised shape and dimen-
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Fig. 1. Deﬁnition of shape and dimensional error.
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ulate process uncertainties, the stochastic ﬁnite element method
(SFEM) may be used [17]. SFEM incorporates uncertainties by
deﬁning the deterministic and the uncertainty terms separately
in the formulation of global governing matrix equations. To solve
the system of random algebraic equations, different SFEMs such
as the Taylor series expansion based perturbation method and
spectral stochastic ﬁnite element method (SSFEM) may be ap-
plied to such stochastic problems but this often requires addi-
tional substantial computing resource [18,19]. Currently there is
no SFEM based software available that can be used for stochastic
metal forming simulation. Instead a decoupled approach for FE
simulation and stochastic computation may be developed for sto-
chastic process modelling using such as Monte Carlo simulation
(MCS) for both statistical characterisation and quantiﬁcation of
stochastic propagation [20,21]. However, it becomes computa-
tionally demanding when stochastic based modelling and optimi-
sation are taken into account. To deal with optimisation of
uncertainties, it is important to develop efﬁcient and robust tech-
niques for uncertainty characterisation and stochastic modelling
using reliability-based optimisation (RBO) and robust design
methods (RDM) [22].
Little research has been reported in quantifying and
incorporating uncertainties in metal forming simulation and opti-
misation. Grandhi et al. ﬁrst quantiﬁed the effect of affecting
parameters on the uncertainties of forging using Design of
Experiment (DOE) approach in order to control the geometric
variations and to optimise preform design using a stochastic re-
sponse surface (SRSM) and a reliability-based optimisation
(RBO) method [23–25]. Similar research in prediction of stochas-
tic responses in cold forging and stamping processes were also
reported [26,27]. Recently a non-intrusive stochastic Galerkin
(NISG) method was proposed involving piecewise continuous
interpolation of the probability distribution function over the
support space with deterministic function evaluations at the ele-
ment integration points [28]. This method provides accurate and
efﬁcient stochastic response estimation of different metal form-
ing processes and may be used as an attractive alternative to
intrusive SFEM techniques but it suffers the curse of dimension-
ality for high dimensional uncertainty problems. In sheet metal
forming, the quality and ﬁnal shape of the formed parts are inﬂu-
enced by the uncertainty of material and interfacial properties,
blank holder force and other process conditions. Different meth-
ods including Monte Carlo based metamodels [29], adaptive
Monte Carlo simulations (AMCS) [30] and polynomial chaos
expansion [31] were reported to quantify the probabilistic char-
acteristics of uncertainty propagation in sheet metal forming pro-
cesses. In net-shape metal forming processes, most deterministic
methods were employed to minimise systematic errors [13–16].
Although many stochastic approaches were developed to quan-
tify probabilistic characteristics and uncertainty propagations of
metal forming processes [23–31], little research has been re-
ported on FE based stochastic optimisation for net-shape metal
forming requirements.
The aim of this paper is to develop a generic approach for
quantifying probabilistic characteristics and optimising the
forming process that both minimises the systematic errors and
reduces the random variations. Section 2 outlines forming error
speciﬁcation, quantiﬁcation of probabilistic characteristics using
Monte Carlo simulation (MCS), response surface method (RSM)
and most probable point (MPP) analysis and a two-step
optimisation approach. Sections 3 and 4 present FE model-
ling and stochastic optimisation results of two case studies
including a 2D aerofoil forging and a forward extrusion pro-
cess. Section 5 summarises a few concluding remarks of this
research.2. Net-shape forming optimisation with uncertainties
2.1. Speciﬁcation of shape and dimensional errors
The shape and dimensional errors of net-shape formed parts
may be classiﬁed by systematic deviations and random variations.
In the case of simple upsetting of a cylinder as shown in Fig. 1(a),
systematic deviations of the upset cylinder may be attributed to a
speciﬁc trend in metal forming such as the die elastic deﬂection,
whilst random variations are largely due to the variability of mate-
rial and interfacial properties and ﬂuctuations of operational con-
ditions. The shape and dimensional error of a formed part is
deﬁned as the discrepancy between the actual and the nominal
surface proﬁles. The calculation of the shape and dimensional error
at a particular point, i, may be given by
Dd xið Þ ¼ d xið Þ  d0 xið Þ ð1Þ
where d(xi) and d0(xi) are the actual and nominal proﬁles. A toler-
ance measure D is often used to ensure that necessary shape and
dimensional requirements are satisﬁed for a speciﬁc metal forming
operation, i.e.
Dd xið Þj j ¼ d xið Þ  d0 xið Þ
   D ð2Þ
A limit state function g(xi), as an implicit function, can be written as
follows
g xið Þ ¼ D d xið Þ  d0 xið Þ
  ð3Þ
The probability of failure P(g(xi) 6 0) may be given in Fig. 2. In con-
sideration of uncertainties, the shape and dimensional error Dd(xi)
is a random response of the ﬁnal shape of the formed component
d(xi), an implicit function of factors such as material deformation,
temperature and other process conditions, and can be obtained
from FE modelling. Its statistical mean and standard deviation is de-
noted by lxi and rxi , respectively. Assuming there are N random re-
sponses dj(xi), the shape and dimensional error Ddj(xi) can be seen
as the deviation from the desired shape d0(xi) and the mean square
deviation (MSD) can be deﬁned as follows
MSD ¼ 1
N
XN
j¼1
dj xið Þ  d0 xið Þ
 2 ð4aÞ
and further derived as
MSD ¼ 1
N
XN
j¼1
dj xið Þ  lxi
h i
þ lxi  d
0 xið Þ
h in o2
¼ r2xi þ lxi  d
0 xið Þ
 2
ð4bÞ
where lxi ¼ 1N
PN
j¼1dj xið Þ and r2xi ¼ 1N
PN
j¼1 dj xið Þ  lxi
 2
.
From Eq. (4b), it is clear that MSD is made up of two parts: the
deviation of the mean from the target dimension lxi  d
0 xið Þ which
Fig. 2. Probability of failure due to stochastic variations.
H. Ou et al. / Computers and Structures 90–91 (2012) 13–27 15is a measure of the systematic error of the formed part and the
shape and dimensional error variance r2xi from the mean, an indi-
cation of random variations. Therefore the objective is to minimise
the systematic error and at the same time to reduce random vari-
ations. This can be achieved in two steps: (1) adjust the mean of
the shape and dimensional error, lxi to fall on the target d
0(xi), i.e.
lxi  d
0 xið Þ ¼ 0 as illustrated in Fig. 1(b), (2) reduce the random
variations that causes the dispersion of the shape and dimensional
error about its mean as shown in Fig. 3.Select random parameters 
Use MCS, RSM or MPP to find the 2.2. Quantiﬁcation of probabilistic characteristics
Different methods including the ﬁrst- (FORM) and second-order
reliability (SORM) methods, stochastic expansions, response sur-
face method (RSM), Monte Carlo simulation (MCS) and stochastic
ﬁnite element method (SFEM) may be used to quantify probabilis-
tic characteristics and to carry out reliability design with varying
degrees of precision, efﬁciency and robustness for different sto-
chastic problems [19,20]. In metal forming processes, FE based
modelling and optimisation involves large material deformation,
complex workpiece and tool interaction and thermo-mechanical
coupled analysis. Computational efﬁciency and easy implementa-
tion are two important considerations. In this research, Monte Car-
lo simulation (MCS), response surface method (RSM) and most
probable point (MPP) analysis are used to quantifying probabilistic
characterisation of net-shape forming processes. They are summa-
rised in the following subsections.Fig. 3. Two-step stochastic optimisation for net-shape forming operations.2.2.1. Monte Carlo simulations (MCS)
MCS is a class of computational algorithms that rely on repeated
random sampling to compute results. It follows a particular proce-
dure by: (1) deﬁning uncertainties of the problem and quantifying
the probabilistic characteristics of the random variables in terms of
their probability density functions (PDFs) and cumulative distribu-
tion functions (CDFs); (2) evaluating the problem deterministically
for each set of realisations of all random variables; (3) extracting
probabilistic information from results to calculate the required sta-
tistics: the histogram, the PDF and corresponding CDF, and ﬁnally
to obtain the probability of reaching the design target in consider-
ation of various performance criteria [17].
As the ﬁrst step of MCS, random variables of material properties
and process conditions in a metal forming process may be gener-
ated using the inverse transform method [17,19,32]. In this meth-
od, the pseudorandom number ui uniformly generated over
(0 6 ui 6 1) is equated to the CDF of the random variable FX(xi).
Thus the realisations of the random variables can be calculated
as follows
xi ¼ F1X uið Þ ð5Þ
where F1X ðxiÞ is the inverse cumulative function. If the random var-
iable X is normally distributed, i.e. N lX ;rX
 
, the random variable
may be obtained by
xi ¼ lX þ rXU1 uið Þ ð6Þ
where U-1(ui) is the inverse of the CDF of the standard normal var-
iable. After the generation of random variables, deterministic metal
forming simulations are conducted and the probabilistic character-
istics of the system response in forms of PDF and CDF are derived.
The accuracy and efﬁciency of MCS are dependent upon the number
of simulations and the following equation may be used as an efﬁ-
ciency estimator [17]
COV pf
  ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 pf
 
Npf
s
ð7Þ
where COV(pf) is the coefﬁcient of variation, pf is the estimated
probability of failure and N is the number of simulations. Especiallyerror mean & standard deviation of the 
workpiece 
Calculate the error 
End 
       Satisfy specification?
Satisfy probability target?
No
No
Yes
Yes 
Fig. 4. Flow chart of the stochastic optimisation.
workpiece 
upper die 
lower die 
Fig. 5. FE mesh of the workpiece, upper and lower dies.
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tions are required with a relatively small value of COV(pf). In metal
forming simulation, however, it may be impractical to run a large
number of simulations using direct MCS. Methods including impor-
tance sampling method [17,32] and adaptive Monte Carlo (AMC)
simulation [30] may be used to improve both simulation efﬁciency
and accuracy. In this research, different numbers of simulations are
conducted in the two case studies and the results are used to com-
pare with RSM and MPP methods.2.2.2. Response surface method (RSM)
RSM is also used in reliability analysis of metal forming pro-
cesses [8,26,27,29,33]. In RSM, system probabilistic response is
represented by linear or quadratic approximation. This is sufﬁcient
for most metal forming processes due to relatively small variability
of material and interfacial properties and process conditions. The
RSM procedure involves the following steps: (1) selecting a num-
ber of the most inﬂuential random variables for system response;Table 1
Mechanical and material properties of the workpiece and dies.
Young’s modulus E (GPa) Poisson’s ratio m Density q (kg/m3) Sp
Ti6Al4V 50 0.3 4400 70
A199.5 69 0.3 2707 89
Dies 206 0.3 7900 50
Fig. 6. Flow stresse(2) evaluating the system response using deterministic analysis
for all the sets of values of the selected random variables; (3) con-
structing linear or quadratic approximation to represent the sys-
tem response by regression analysis with data collected from the
deterministic analyses; (4) once the approximate close-form repre-
sentation is obtained the system probabilistic characteristics are
computed and the probability of failure is evaluated using such
as MCS.
In net-shape metal forming, the shape and dimensional errors
Ddi(xi) may be represented as a polynomial function of the random
variables in the following form,
Ddi xið Þ ¼ Ddi x1; x2; . . . ; xp
 
¼ bi;0 þ
Xp
k¼1
bi;kxk þ
Xp
k¼1
bi;pþkx2k þ    ; ði ¼ 1;2; . . . ;nÞ ð8Þ
where constants bi,0,bi,k, . . .,bi,p+k, . . . are all m  1 vectors and xk is a
m  1 vector denotes the selected m sets of random values for ran-
dom variable xk. n denotes the number of check points of the forged
component and p the number of chosen random variables for prob-
abilistic analysis. Coupled terms of different random variables are
not involved if they are assumed independent of each other. The
regression analysis is to ﬁnd out the unknowns (bi,0,bi,k, . . .,bi,p+k, . . .)
through the obtainedm results. For each result, there is an error e.m
sets of results collected from m deterministic FE analyses give m
equations as follows in the matrix form,
Dd ¼ Xbþ e ð9Þ
Note bold X in the matrix form of the above equation contains all
terms in Eq. (8): constant term (an m  1 vector with unit values),
random variable terms and squared random variable terms and so
on. Least square method may be used to minimise the norm of
the vector of error e, i.e. to minimise Dd Xbk k: This requires
XT Dd Xbð Þ ¼ 0 or XTXb ¼ XTDd. Therefore,
b ¼ XTX
 1
XTDd ð10Þ
However, as the normal matrix XTX
 
is often ill conditioned, in-
stead of solving Eq. (10) directly a QR (orthogonal and triangular)
decomposition in MATLAB is used for the solution of unknownseciﬁc heat Cp (J/kg C) Conductivity k (W/m C) Thermal expansion (1/C)
0 15.0 1.0  105
6 204.0 8.418  105
0 48.1 1.2  105
s of Ti–6Al–4V.
Fig. 7. Location of check points for thickness measurement.
Table 2
Case study 1: selected sets of random parameters for RSM.
Temperature T (C) Friction F Stroke D (103 m)
1000 0.290 1.10
1000 0.290 1.00
1000 0.110 1.10
1000 0.110 1.00
900 0.290 1.10
900 0.290 1.00
900 0.110 1.10
900 0.110 1.00
950 0.200 1.05
950 0.290 1.10
950 0.290 1.00
950 0.110 1.10
950 0.110 1.00
Fig. 8. Distributions of von Mises s
H. Ou et al. / Computers and Structures 90–91 (2012) 13–27 17(bi,0,bi,k, . . .,bi,p+k, . . .). Then similar to MCS, MATLAB is used to
generate random values for the chosen uncertain parameters
(x1,x2, . . .,xp) and substitute them into Eq. (8) to complete the RSM
based stochastic simulations of the metal forming process. These re-
sults are used to obtain the system probabilistic characteristics: the
histogram, the PDF and its corresponding CDF and to estimate the
probability of failure.Temperature T (C) Friction F Stroke D (103 m)
1000 0.200 1.10
1000 0.200 1.05
1000 0.200 1.00
900 0.200 1.10
900 0.200 1.05
900 0.200 1.00
950 0.200 1.10
950 0.200 1.00
1000 0.290 1.05
950 0.290 1.05
900 0.290 1.05
1000 0.110 1.05
950 0.110 1.05
900 0.110 1.05
tress; strain and temperature.
Fig. 9. Forging force and displacement results.
18 H. Ou et al. / Computers and Structures 90–91 (2012) 13–27To construct the approximate equations using the standard
three level (low–central–high) approach, the total number of sim-
ulations to evaluate the performance function is 3p. Whilst this ap-
proach may be adequate to extract necessary system response
data, it may not be enough to provide sufﬁcient information for
estimation of such as the effect of tail distributions. Therefore,
the Latin Hypercube Sampling (LHS) as a stratiﬁed sampling tech-
nique may be used for the selection of simulation points within the
random space [19,34]. In LHS, the distribution for each random
variable is divided into n intervals and one random value is se-
lected from each interval corresponding to its probability density.
By repeating this procedure for all p random variables, n pairs of
p random variables combined through a non-overlapping manner
are used for multivariate sampling. This approach ensures that
the full range of the probability distribution is sampled and hence
results in relatively small variance in the system response. In addi-Fig. 10. Comparison of thickness (at the 5thtion, optimal LHS procedure may be used for achieving well-strat-
iﬁed sampling [19,35].
2.2.3. Most probable point (MPP) analysis
With suitable approximation such as RSM, the system probabi-
listic response may be estimated using the ﬁrst-order Taylor series
expansion at the mean value point as given by
Ddi xið Þ ¼ Ddi lx
 þXp
k¼1
@Ddi
@xk
xk  lxk
 
þ 1
2
Xp
k¼1
Xp
j¼1
@2Ddi
@xk@xj
xk  lxk
 
xj  lxj
 
þ    ð11Þ
where lxk is the mean value of xk. Truncating the series to linear
terms, the ﬁrst-order approximate mean and standard deviation
of Ddi(xi) may be obtained as follows
lDd ﬃ Ddi lx
  ¼ Ddi lx1 ;lx2 ; . . . ;lxp
 
ð12aÞ
rDd ﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃXp
k¼1
@Ddi
@xk
 	2
Var xkð Þ
vuut ð12bÞ
In Eq. (12b), the random variables are assumed to be uncorrelated.
This approach is often referred as mean value ﬁrst-order second-
moment (MVFORM) method. Using the MVFORM approach, direct
correlation may be obtained between random variables and system
response of the shape and dimensional error of formed parts. How-
ever, the linearisation of the system probabilistic response may re-
sult in considerable inaccuracy especially for low probability of
failure. Improved results may be obtained by using the most prob-
able point (MPP) also called Hasofer–Lind (H–L) method [17,19,36].
In the MPP analysis, the original random variables xi are trans-
formed into normalised ones x0i with zero mean and unit standard
deviation as given bycheck point) from MCS and RSM (m).
Table 3
Case study 1: stochastic optimisation for average thickness error ~d (unit: 103 m).
Check
point i
Desired thickness d0i Initial thickness l
ð0Þ
i Thickness, 1st iteration l
ð1Þ
i Thickness, 2nd iteration l
ð2Þ
i Thickness, 3rd iteration l
ð3Þ
i
Standard deviation,
3rd iteration rð3Þi
1 0.96494 1.0894 0.89961 0.94920 0.95532 0.020981
2 1.0909 1.2321 1.0323 1.0730 1.0949 0.023407
3 1.1995 1.3244 1.1803 1.1814 1.1868 0.018563
4 1.2535 1.4335 1.2528 1.2463 1.2477 0.014960
5 1.2667 1.4678 1.2785 1.2605 1.2675 0.013772
6 1.2247 1.3973 1.2441 1.2199 1.2270 0.014702
7 1.1412 1.2819 1.1472 1.1552 1.1461 0.015310
8 1.0516 1.2024 1.0381 1.0735 1.0617 0.017823
9 0.95162 1.1020 0.89912 0.94086 0.97192 0.021621
10 0.86397 1.0026 0.78771 0.86135 0.85362 0.020494
11 0.79441 0.90261 0.67822 0.79789 0.79754 0.021756
~d – 0.15138 0.05298 0.01287 0.00937 –
Fig. 11. Thickness error results of die shape compensation iterations.
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xi  lxi
rxi
ð13Þ
Therefore the original limit state function as given in Eq. (3) is trans-
formed from the original coordinate system into the transformed
coordinate system, where the minimum distance also referred to
as the reliability index b from the origin of the transformed coordi-
nate system to the limit state function represents the most probable
point (MPP) of failure. Hence this approach is also called MMP anal-
ysis and commonly used in reliability analysis. The reliability index b
may be obtained by minimising b x0i
  ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX0TX0p subject to the con-
straint of the limit state function g xið Þ ¼ 0. Using the method of La-
grange multipliers and linearisation of the limit state function [19],
the reliability index b can be calculated by [17]
b ¼
g x0i
 Pni¼1 @g x0ið Þ@xi rxiliﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPn
i¼1
@g x0
ið Þ
@xi
rxi

 2s ð14Þ
where
@g x0
ið Þ
@xi
is the ith partial derivative of the original coordinates
(xi) and the asterisk means that it is evaluated at the most probable
point x0i . The design point in the transformed coordinate system is
given by
x0i ¼ aib i ¼ 1;2; . . . ; nð Þ ð15Þ
where ai ¼
@g x0
ið Þ
@xi
rxiﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃPn
i¼1
@g x0
ið Þ
@xi
rxi
h i2r is the direction cosine along the
coordinate axes x0i. Using Eq. (13), the most probable point in the
original coordinate system may be obtained byxi ¼ lxi  airxib i ¼ 1;2; . . . ;nð Þ ð16Þ
By deﬁning the appropriate limit state function of Eq. (3) and
assuming an initial design point at the mean values of the random
variables, an iterative procedure may be used to compute the most
probable point (MMP) of failure xi [17,19].
2.3. Two-step stochastic optimisation
The aim of metal forming modelling and optimisation for net-
shape accuracy involving probabilistic characteristics is to mini-
mise the systematic errors and to reduce the random variations
or control the probability of failure. As given in Eq. (4), this may
be achieved by ﬁrst minimising the mean values of the shape
and dimension measures, i.e. lxi  d
0 xið Þ
 2
close to zero and then
reducing the dispersion of the dimensions about the mean values,
i.e. r2xi as illustrated in Fig. 3.
In the ﬁrst step, the systematic response (blue dashed) obtained
from RSM based on the initial die design due to such as die elastic-
ity and thermal distortion is minimised by using a direct die shape
compensation method [13,14]. As a number of check points are
used to measure the shape and dimensional errors along the
cross-section of a formed part, it may be difﬁcult to ensure that
the mean values at all check points are all minimised to their tar-
gets simultaneously. Instead, the average error of the mean values
is used to measure the speciﬁed tolerance ~D. Hence, the following
objective function is used to measure the overall error as
D~d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
n
Xn
i¼1
ðli  d0i Þ2
vuut  ~D ð17Þ
20 H. Ou et al. / Computers and Structures 90–91 (2012) 13–27In the second step, a control variable method is used to reduce the
variance, r2xi [32]. For one dimensional case, let Z be an unbiased
estimator of lZ, to be obtained from a simulation run. A random
variable C is called a control variable for Z if it is correlated with Z
and its expectation, lC, is known. The control variable is used to
construct an unbiased estimator of lZ with a variance smaller than
that of Z
Zk ¼ Z  k C  lC
  ð18Þ
where k is a scalar parameter, called the linear control variable. The
variance of Zk is given by
Var Zkð Þ ¼ Var Zð Þ  2kCov Z; Cð Þ þ k2Var Cð Þ ð19Þ
Consequently, the value k⁄ that minimises Var(Zk) is
k ¼ Cov Z;Cð Þ=Var Cð Þ ð20Þ
and the minimum variance isFig. 12. Comparison of thickness resuVar Zkð Þ ¼ 1 q2ZC
 
Var Zð Þ ð21Þ
where Cov(Z,C) is the covariance of two random variables Z and C,
qZC is the correlation coefﬁcient of Z and C and they have the rela-
tionship as follows
qZC ¼
CovðZ;CÞ
rZrC
¼ EððZ  lZÞðC  lCÞÞ
rZrC
ð22Þ
Eqs. (18)–(22) can be extended to the case of multiple control vari-
ables. It is noted from Eq. (21) that the larger |qZC| is, the greater is
the variance reduction. In metal forming processes, the shape and
dimensional errors are closely correlated with material and interfa-
cial properties as well as process conditions. By selecting the most
inﬂuential parameter or parameters and deﬁning the amount of
reduction of the variance of each parameter that can be achieved,
the overall variance reduction of the system response, i.e. the shape
and dimensional errors of formed part, can be obtained using thelts in two-step optimisation (m).
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cedure can be described as follows:
(1) Deﬁning ranges for the random variables and selecting sets
of random parameters.
(2) Finding the mean values and standard deviations of the
shape and dimensional errors at the cross-section check
points or the overall error using MCS, RSM or MMPmethods.
(3) Calculating the shape and dimensional errors and checking
them whether within the tolerance.
(4) If not, modifying the die shapes using the direct die shape
compensation method and repeating steps (2) to (3).
(5) If yes, calculating the probability of failure and checking
whether it meets the reliability target, if not, goes back to
step (1) to change the ranges of the random variables to
achieve the variance reduction. The ﬂow chart is shown in
Fig. 4.
3. Case study 1: forging of 2D aerofoil section
3.1. FE modelling
In this case study, hot forging of Ti–6Al–4V into 2D aerofoil sec-
tions is simulated using ABAQUS. The meshed models of the work-
piece and two dies using CPE4T elements are shown in Fig. 5. The
FE analysis is deﬁned into four steps: forging, removing upper die,
removing lower die and cooling. The time in each step is 0.2, 0.01,Fig. 13. Thickness results (lDdi þ 3rDdi ) at
Fig. 14. Changes of standard devia0.01 and 2200 s, respectively. The workpiece is deﬁned to be elas-
tic-plastic and the forging dies are deﬁned to be elastic. Young’s
modulus, thermal conductivity and speciﬁc heat of the workpiece
and dies are shown in Table 1. The ﬂow stresses of the workpiece
as a function of strain, strain rate and temperature are shown in
Fig. 6. The thickness errors of the forged aerofoil section are mea-
sured by the difference between the speciﬁed and actual thickness
at each check point of the cross-section as shown in Fig. 7.
To quantify the probabilistic characteristics of the thickness er-
ror of the forged aerofoil section, three random variables, i.e. the
initial temperature (T) of workpiece, the friction coefﬁcient (F)
and the stroke length (D) are selected. All three random variables
are assumed to be normally (Gaussian) distributed and indepen-
dent of each other. Their mean values are lF = 0.2, lT = 950 C
and lD = 1.05  103 m and their standard deviations are rF =
0.03, rT = 16.7 C and rD = 1.67  105 m, respectively. For Monte
Carlo simulation (MCS), MATLAB function randn(3000,3) is used
to generate a 3000  3 matrix containing three columns of inde-
pendent data to represent the random variables. For response sur-
face method (RSM), 27 (m = 33) sets of random parameters are used
as listed in Table 2.
3.2. Material deformation
Fig. 8 shows the von Mises stress, the equivalent plastic strain
and the temperature distributions relating to stochastic mean val-all check points between USL and LSL.
tion (rDdi ) at all check points.
Fig. 16. Flow stresses of Al199.5.
Fig. 17. Distributions of (a) von Mis
workpiece
extrusion 
die
Fig. 15. FE mesh of the workpiece and extrusion die.
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the optimised die design because to achieve minimised systematic
error only small amount of die shape modiﬁcation is necessary.
Fig. 9 shows the forging force and displacement relationship during
forging, in which the two solid lines denote the cases of using the
initial die and the optimised die shapes with mean values of the
random variables and the two dashed lines denote the cases of
the optimised die with two limit sets of the random variables, i.e.
one with the highest temperature and largest stroke length which
results in the thinnest aerofoil blade, the other with the lowest
temperature and the shortest stroke length which leads to the
thickest blade.3.3. Probabilistic characterisation
3.3.1. Monte Carlo simulation (MCS)
Using MCS, after running 3000 FE analyses deterministically,
the probabilistic characteristics of the thickness errors are ex-
tracted. The thickness of the aerofoil cross-section at the 5th check
point as deﬁned in Fig. 7 is shown in Fig. 10(a). It is noted that the
results of thickness are also normally distributed. Its statisticales (MPa) and (b) plastic strain.
Fig. 18. Extrusion force history results.
Table 4
Case study 2: selected sets of random parameters for RSM.
Friction
F
Flow
stress
scaling
factor w
Heat transfer
coefﬁcient H
(kW/m C)
Friction
F
Flow
stress
scaling
factor w
Heat transfer
coefﬁcient H
(kW/m C)
0.0968 1.0069 950.5 0.0961 1.0213 987.1
0.1020 1.0121 860.0 0.0842 1.0033 828.0
0.0845 1.0149 841.1 0.1052 0.9955 1019.5
0.1109 1.0219 866.6 0.1071 0.9847 893.9
0.1191 0.9891 798.7 0.0866 1.0064 811.3
0.0634 1.0175 917.7 0.1025 0.9975 766.6
0.0806 0.9990 1046.2 0.1123 1.0050 931.4
0.0903 0.9929 712.6 0.0991 0.9711 1120.5
0.0922 0.9915 925.3 0.1139 0.9835 978.6
0.0891 1.0008 778.7 0.0747 0.9936 875.4
0.1003 1.0279 846.3 0.1299 0.9803 966.4
0.1168 0.9730 880.6 0.0941 1.0007 941.5
0.1036 1.0082 1006.1 0.1225 1.0104 910.0
0.1092 0.9867 899.6
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ﬁgure.
3.3.2. Response surface method (RSM)
After running 27 (m = 33) FE analyses deterministically for each
set of the selected random variables listed in Table 2, RSM approx-
imate representations of the thickness errors of the forged aerofoil
section are derived. Using the linear terms in Eq. (8) the thickness
response at the 5th check point can be approximately represented
as
d x5ð Þ ¼ 2:5764 103 þ 2:4253 105F  2:5572 107T
 0:82908D ð23Þ
Its mean and standard deviation are calculated to be
l5 ¼ 1:4678 103 m and r5 ¼ 1:45 105 m, respectively. When
taking all the linear and squared terms in Eq. (8), regression analysis
gives the quadratic approximation at the 5th check point as
d x5ð Þ ¼ 1:9879 103 þ 7:2401 105F þ 9:7674 107T
 0:82908D 1:2037 104F2  6:4867 1010T2 ð24Þ
For comparison purpose, the same 3000 realisations of the three
random variables generated in Section 3.3.1 are substituted into
Eqs. (23) and (24) and 3000 response results are calculated. Their
histograms and ﬁtted PDF, with the response mean and standard
deviation at 5th check point are shown in Fig. 10(b) and (c). It shows
that the thickness responses are also normally distributed. It is
noted that there is no signiﬁcant difference between the linear
and quadratic approximations as the coefﬁcient of the squared
stroke length (D2) term equals to zero. To check the correlation be-
tween the thickness response and random variables, the correlation
coefﬁcients at the 5th check point are calculated to be qd5,F = 0.0502,Fig. 19. Comparison of the overall eqd5,T = -0.2941 and qd5,D = 0.9535, respectively. This suggests that
the stroke length has the biggest effect on the aerofoil thickness,
whilst the effect of friction coefﬁcient is negligible.
3.3.3. Most probable point (MPP) analysis
Using the MPP analysis, reliability analysis is carried out using
the linear approximation of the aerofoil thickness given in Eq.
(23). With a speciﬁed tolerance of D ¼ 5:0 105 m at all check
points, the limit state function at the 5th check point can be given as
g x5ð Þ ¼ 0:05 103  1:3097 103 þ 2:4253 105F

 2:5572 107T  0:82908D

ð25Þrror from MCS and RSM (mm).
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probable point is in the failure region and the forging design reli-
ability is close to zero, i.e. P(g(x5) > 0)  0. Therefore with the cur-
rent forging design, none of the products will meet the speciﬁed
tolerance. Therefore, the two-step stochastic optimisation is used
to improve the net-shape quality of the forged aerofoil components.3.4. Stochastic forging optimisation
3.4.1. Minimisation of systematic error (mean)
Using the linear RSM approximation, 106 sets of random values
of (F,T,D) are generated using MATLAB to obtain the thickness
means lxi in Eq. (4b) at all check points as given in Table 3 with
the 5th and 9th check point results shown in bold font. After three
iterations using the direct die shape compensation method, the
thickness means (6th column) are close to the target thickness d0i
(2nd column) as given in the table. The last row shows the results
of the objective function ~d, the square root of the average error of
the thickness mean after three iterations. The thickness results
and their variations during of die shape compensation iterations
are shown in Fig. 11. The histograms and ﬁtted PDF at the 5th
check point are shown in Fig. 12(a)–(d). Using the MPP analysis,
the reliability of the optimised die design at the 5th check point
is P(g(x5) > 0) = 0.9998, which satisﬁes the 3r quality level. How-
ever, with a b value of 1.37, the reliability at the 9th check point
is P(g(x9) > 0) = 0.9147. It indicates that 8.5% of forged aerofoil sec-
tions will be out of the tolerance speciﬁcation at the 9th check
point and further optimisation is needed so as to reach 3r quality
level at all check points.3.4.2. Reduction of random variation (variance)
The check point with maximum thickness error, i.e. the 9th
check point as shown in Table 3 and Fig. 11, is chosen for variance
reduction and in doing so variance reduction is also expected over
the other check points. At the 9th check point, its mean thickness
error is lDd9 ¼ 2:0 10
5 m and its standard deviation is
rDd9 ¼ 2:16 105 m. Therefore lDd9 þ 3rDd9
 
¼ 8:5 105 m is
larger than its speciﬁed tolerance, i.e. D = 5.0  105 m. To satisfyFig. 20. Geometric errors in die shthe thickness error tolerance lDd9 þ 3rDd9
 
¼ 5:0 105 m, the
standard deviation has to be within rDd9  1:0 105 m. Hence
the required standard deviation of the stroke length, rDk, can be
calculated to be 3rDk ¼ 2:0 105 m using the relationship of the
variance of the linear approximation. Using the control variable
method, the scalar parameter k⁄ in Eq. (20) is calculated to be
k⁄ = 0.7445. This requires the initial setting range of the stroke
length D to be changed from D ¼ lD 	 3rD
  ¼
1:05 103 	 5:0 105
 
m to 1:05 103 	 2:0 105
 
m.
Another iteration of optimisation computation is carried out by
using RSM with a new range of stroke length D. Fig. 13 shows that
the thickness at all eleven check points have satisﬁed
lDdi 	 3rDdi
 
between upper and lower limits, i.e. LSL 
lDdi 	 3rDdi
 
 USL. The histograms and ﬁtted PDF after variance
reduction of the 5th check point is shown in Fig. 12(e). The changes
of the standard deviation using the initial die and optimised die
shapes without and with variance reduction are shown in Fig. 14.
Using the MPP analysis, the reliability of the design is calculated
to be P(g(xi) > 0) = 0.9999 and therefore satisﬁes the speciﬁed 3r
quality level.
4. Case study 2: forward extrusion
4.1. FE modelling
In this case study, an axis-symmetric forward extrusion of part
at room temperature is evaluated as shown in Fig. 15. To quantify
the dimensional changes in the whole extrusion cycle, the FE anal-
ysis is carried out in four steps: extrusion (0.2 s), punch unloading
(0.01 s), die removal (0.01 s) and cooling (1200 s). The workpiece
material is Al199.5. The material properties of both the workpiece
and the extrusion die are given in Table 1. The ﬂow stresses as a
function of strain, strain rate and temperature are shown in
Fig. 16. During extrusion, the die elastic deformation and thermal
induced deformation of the extruded component are major factors
that determine the geometrical accuracy. The uncertainties of
material ﬂow stress (S), friction coefﬁcient (F) and heat transferape compensation iterations.
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sumed normally distributed and independent of each other. The
mean values of friction coefﬁcient and heat transfer coefﬁcient
are lF = 0.1 and lH = 9 kW/m C and their standard deviations are
rF = 0.015 and rH = 0.91 kW/m C, respectively. As a function of
strain, strain rate and temperature, the material ﬂow stresses can’t
be deﬁned as a single value. Therefore a scaling factor w that obeys
normal distribution N(lw, rw) is used to represent the variation of
ﬂow stresses (S), S e; _e; Tð Þ  lw þ rw  N 0;1ð Þ
 
, where lw and rw
are the mean and standard deviation of w, i.e. lw = 1, rw = 0.03.
8000  3 samples for the three random values are generated using
MATLAB for Monte Carlo simulation (MCS).Fig. 21. Comparison of overall error resu4.2. Material deformation
Fig. 17 shows the von Mises stresses and equivalent plastic
strain distributions at the mean values of the random variables
by using the initial die design. Fig. 18 compares the force history
results between the initial and optimised die shapes at the mean
values of the random variables. It is observed that similar material
deformation, stress and strain distributions are obtained by the
variation of the random variables and in comparison with the cases
between initial and optimised die shapes. This is because the
changes of process conditions and die shapes for deterministic
optimisation are relatively small in terms of stress, strain and tem-lts in two-step optimisation (mm).
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the ﬁnal shape and dimensions of extruded parts.
4.3. Probabilistic characterisation
4.3.1. Monte Carlo simulation (MCS)
After 8000 deterministic FE analyses, the probabilistic charac-
teristics of the geometrical error of the extruded component are
obtained as shown in Fig. 19(a). It is noted that the results of the
shape error are also normally distributed. Its statistical mean and
standard deviation are given in the ﬁgure.
4.3.2. Response surface method (RSM)
Using the Latin Hypercube Sampling (LHS) method, 27 (m = 33)
sets of parameters are generated for RSM based computation as gi-
ven in Table 4. After running 27 FE analyses deterministically, the
geometric errors of the extruded part are obtained for regression
analysis. The linear approximation of the overall geometric error
D~d of the extruded part is obtained as
D~d ¼ 0:0159þ 0:371F þ 0:0057w 5:285 106H ð26Þ
The overall error mean and standard deviation are calculated to be
lD~d ¼ 0:0587 mm and rD~d ¼ 0:0058 mm. The quadratic approxima-
tion of the geometric error is represented as
D~d ¼ 5:47þ 4:481F þ 9:9761wþ 0:0006H  5:045w  F
 0:0007w  H þ 0:0006F  H  4:41w2 þ 2:32F2
 5:7 1010H2 ð27Þ
The histograms, the ﬁtted PDF with mean and standard deviation
are obtained by using the same 8000 realisations of the three ran-
dom variables as shown in Fig. 19(b) and (c). Similar to the aerofoil
forging case, the response shape errors are also normally distrib-
uted. Concerning the correlation between the geometric error
and the random variables, the correlation coefﬁcient are obtained
to be qD~dw = 0.0138, qD~dF ¼ 0:9824 and qD~dH ¼ 0:1007, respec-
tively. This shows that the uncertainty of the friction coefﬁcient
is a major factor to affect the geometrical accuracy of the extruded
part while the effect of the variation of material properties is
negligible.
4.3.3. Most probable point (MPP) analysis
With a speciﬁed overall tolerance of D ¼ 0:03 mm, the limit
state function may be constructed based on the linear RSM approx-
imation as follows
g D~d
 
¼ 0:0092 0:371F  0:0057wþ 5:285 106H ð28Þ
Using the MPP analysis iterative procedure, the b value is found to
be 2.434 suggesting that the MPP is at the failure region. Thus
with the current extrusion design, the shape error of almost all
products will be out of the speciﬁed tolerance. To improve the reli-
ability of the extrusion design, the two-step stochastic optimisation
is employed to reduce its overall geometric error and associated
random variations.
4.4. Stochastic extrusion optimisation
4.4.1. Minimisation of systematic error (mean)
Similar to the blade forging case, the direct die shape compen-
sation method is used to reduce the overall geometric error of the
extruded part from original lD~d ¼ 0:0636 mm to 0.0175 mm after
three die shape optimisation iterations. The distributed shape er-
rors of the extruded part in each compensation iteration are pre-
sented in Fig. 20. The histograms and ﬁtted PDF of the overall
error are shown in Fig. 21(a)–(d). With the optimised die geome-try, the reliability of the geometric accuracy of the extrusion
process is obtained to be P g D~d
 
> 0
 
¼ 0:992 (b = 2.43) using
the MPP analysis. This presents a signiﬁcant improvement of
the reliability of the extrusion process as compared to that of
the initial design without die shape optimisation. However, it is
still not sufﬁcient to meet the 3r quality level due to geometric
error variations.4.4.2. Reduction of random variation (variance)
After die shape compensation iterations, the mean error is
0.0175 mm and its standard deviation is 0.0056 mm. So
lD~d þ 3rD~d
  ¼ 0:0343 mm is larger than the speciﬁed tolerance
~D ¼ 0:03 mm and variance reduction is necessary for improved
quality of the extruded part. As shown in Section 4.3.2, the overall
error of the extruded part is strongly correlated with the friction
coefﬁcient. Therefore friction coefﬁcient is used as the control
variable for variance reduction. To satisfy the tolerance, i.e.
(lD~d þ 3rD~dÞ ¼ 0:030 mm, i.e. rD~d 6 0.0041 mm. Using the control
variable method, the scalar parameter k⁄ in Eq. (20) is calculated
to be k⁄ = 0.4. This requires the initial setting range of the friction
F to be changed from F ¼ lF 	 3rF
  ¼ 0:1	 0:045ð Þ to
1:0	 0:03ð Þ. By using the MPP analysis, a b value of 3.3 is obtained
and this corresponds to a reliability of P g D~d
 
> 0
 
¼ 0:9995 of
the optimised extrusion process, which satisﬁes the 3r quality
level. The histogram and ﬁtted PDF of the overall error after the
variance reduction is shown in Fig. 21(e) as compared to the results
with and without die shape optimisation.5. Conclusions
This study presents three stochastically based approaches, i.e.
Monte Carlo simulation (MCS), response surface method (RSM)
and most probable point (MPP) analysis, for quantifying the prob-
abilistic characteristics of dimensional errors in net-shape metal
forming processes. A two-step optimisation approach is developed
ﬁrst to minimise the systematic geometric errors using the direct
die shape compensation method and then to achieve variance
reduction through a control variable method.
Two industrial based metal forming cases, i.e. forging of 2D
aerofoil shape and forward extrusion are presented. Although
MCS can be easily implemented to quantify probabilistic character-
istics of metal forming processes, it can be computationally
demanding due to the large number of simulations required espe-
cially for 3D metal forming simulations. Alternatively, RSM can be
employed using either standard low-central-high approach or the
Latin Hypercube Sampling (LHS) with much less computing time.
The results obtained from this research show a good degree of con-
vergence. The reliability of the design or the probability of failure
can be effectively estimated using the MPP analysis based on
RSM approximation. In the two-step stochastic optimisation, the
results show that the mean value of shape error on target is
achieved using the die shape compensation, while the variance
reduction can be obtained using the control variable method by
reducing the variability of the most inﬂuencing factor. In the 2D
aerofoil forging case, the stroke length is most sensitive to the
aerofoil thickness, whilst in the cold extrusion case, the friction
is the most sensitive to the shape error. Therefore this suggests
that different control variables may be chosen for effective vari-
ance reduction of the shape and dimensional errors for different
metal forming processes. This study also demonstrates that the
developed stochastic optimisation approach can be easily em-
ployed to complex 3D metal forming processes with the consider-
ation of uncertainties.
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